Chapter 2: Limits 2-6

Yz —1
x

Challenge Question: Let f : R\{1} — R defined by f(z) = —— T

Find lirri f(z).
T—
Hint: a3 — % = (a — b)(a® + ab + b?).
Proposition 3 (Composite functions/change of variables). If lim, . g(x) = k exists and
lim,_, f(u) exists, then lim,_,. f o g(x) = lim,_ f(u).

Example 2.1.9. Redo the last three examples using change of variables.

oF
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2.2 One-sided Limits

The following shows the graph of a piecewise function f(z):

As x approaches 2 from the right, f(x) approaches 5 and we write
lim \f(z) = 5.
On the other hand, as = approaches 2 from the left, f(x) approaches -3 and we write

lim f(z) = —-3.
T—2

Limits of these forms are called one-sided limits. The limit is a right-hand limit if the
approach is from the right. From the left, it is a left-hand limit.

Definition 2.2.1. If f(z) approaches L as x tends towards ¢ from the left (x < ¢), we write
lim f(x) = L. It is called the left-hand limit of f(x) at c.

T—Cc

If f(z) approaches L as x tends towards ¢ from the right (z > ¢), we write lim+ f(xz)=L.
Tr—C

It is called the right-hand limit of f(x) at c.

Example 2.2.1. Recall q= JCM) :[7(]

lim |z| = lim (—z)=0. — <
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For this case lim |z|= lim |z|. Then lim |z| = 0.
z—0+t z—0~ z—0
M/'\/‘

Example 2.2.2. Define f : R — R,

r+1 ifx>0,

x? ifx <0.
m
L
1 Il e L L L
- -0.5 t 5

r | -0.1[-0.01]-0.001]0|0.001]0.01]0.1
f(z) 1072 107* | 1075 | 1] 1.001 | 1.01 | 1.1

We have
li =1.
and
lim f(z)=0.
x—0—
Remark.

1. The left hand limit or the right hand limit may not be the same.

2. Does lim f(x) exist? No!
z—0

Proposition 4.
lim f(x) = L if and only if lim f(x) = L and lim f(z) = L.

Tr—e T—>Cc™ T—ct

(i.e., both left hand limit and right hand limit exist and is equal to L)
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Example 2.2.3. Suppose the function ¥

Ix2+1, z > 1,

f) = (a, r <1 >

has a limit as = approaches 1. Find the value of a and lim1 f(z).
T—r

Solution. Since lin% f(x) exists, we have
r—r

lim f(z)= lim f(z) = lim f(z).

z—1+ z—1— z—1
And
. _ . 2 _ . _ . _
S 0=l e 0= i Je) =y 0=
So, a =2, and lim f(x) = 2. ( 7 [ |
[\I\/\~ z—1 |
o 2= i Lo o) eod,
2.3 Infinite “Limits” €S )
2

Consider the following limit
. 1
Mo

As z approaches 2, the denominator of the function f(x) = approaches 0 and

1
(x —2)?

hence the value of f(z) becomes very large.

0 X—2¢x

The function f(z) increases without bound as z — 2 both from left and from right. In
this case, the limit DNE (does not exist) at x = 2, but we express the asymptotic behaviour
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of f near 2 symbolically as
) 1
Y P R

Remark. +oc is just a symbol, not a real number.

Example 2.3.1.
lin —
in —| = —o0.
r— .TQ >

aN—

2-10

Definition 2.3.1. We say that lim f(z) is an infinite limit if f(x) increases or decreases
r—cC

without bound as z — ¢.
If f(z) increases without bound as = — ¢, we write

lim f(x) = +o0.
r—cC

If f(x) decreases without bound as = — ¢, then

lim f(z) = —oc.
Example 2.3.2. Evaluate
lim and lim r=-3
z—2+ $2 — T—2~ .T2 — 4
Solution.
r—3 z—3

i LT oy =) T
o2t 22— 4 popt (2 2)(@ +2)

sinceasz — 2*, wehave 72 —4 = (v —2)(z +2) = 0" and z — 3 — —17.
Tz —3 =3

li = lim ———— =
e s R R (x —2)(x +2)

“+0oo

sinceasx — 2~ ,wehavez? —4=(z-2)(z+2) -0 andz -3 — —1".

Exercise 2.3.1. Find

lim tanz; lim tanuz; lim tanuz; lim Inz. = —42

T—m/2 /27 z—m/2t z—07t

DT ZVJ(X
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Remark. Caveat! When applying the rules in Proposition 2, roughly speaking:

e “q 4 oo = +00” when a is finite;

o “co0+00=00"; “—0c0 — 00 — 00"

J

”, « ”, «

e “00-00=00"; “—00-00=—-00"; “—00 - (—00) = 0

”,
s

e ‘a)- oo = sign(a) co” when a # 0 and is finite;

a . . .
—— = 0” when a is finite;
+o0

[1%

o Oi = +sign(a) co” when a 7£ 0 and is finite;

e but “co — 0", “0 - ( f},tjan be quite arbitrary, and must be determined case
by case! We shall intro s to compute limits of these forms later.
2.4 Limits at Infinity

Definition 2.4.1. If the values of the function f(x) approach the number L as x gets bigger

and bigger (i.e. as x goes to +o0). Then L is called the limit of f(x) as x tends to +oc.
Denoted by

@) =L
Similarly we can define
lim f(z) = M.

Remark: The value L and M may not be the same. If they are the same (i.e., L = M), we
write

lim f(z) =

T—00

Example 2.4.1. Let f(z) = l
€T

-1000 | -100 | -10 | -1 | 1 | 10 | 100 | 1000
-0.001 | -0.01 |-0.1 |-1|1|0.1]|0.01 | 0.001
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Proposition 5. If A anc@ > 0 are constants, Then (& 7
> ’A—d L/ /()O
I [ 14
A gr =0 and - T 97@: 0

w['w/“‘ 7<(/~ ¢ &‘P‘\MJ

To determine the limit of a rational function as x — oo, we can divide the numerator

and denominator by the highest power of x in the denominator.
9 L u I
322 - { bo
Example 2.4.2. Find hm 2# = f“_':w L 27 *
—+oo x4 +x + 1 ijyh-u,\i‘

Dion @hxa) fos
=

Solution. < 0 .
O;V\Of')-c\ﬂ
lim (Divide both the top and bottom by z%) vule '
Tr—+00 : ‘FY Cfﬁw p
_ op £ .
z N I
Limz—2 @ / T S A
= sbe 1+0_|_0 WJ&%@W v o Y
F f,\ valcs in- L
7\ %Lmﬁf Ry Prop2 P4y
X560/ wdko /2006E 2 ‘)
2.995 N 3 z
. 22—
2.990 'X1+ A\
2980f
Z(;CI T 400 ‘ 800 . ‘ 800 “ 13133
[ |
Question: Can we write
lim — = — 5 ?
z—too gt + x4+ 1 lim (z*+z+1)
T——+00

Hint: Recall the Caveat from the end of last section.
e S
—_— ~
z—1 50— grcatfSMA
oo 202 + 3:L‘ +1 (a-\/o\ﬂ ¢ cnst U e

\((,«\e< {)_V,q)z o(a-oorn/{"

«

Example 2.4.3. Find hm
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Solution.
. 1 . . 2
lim ———f (Divide both the top and bottom by x~)
x—>+00 23:/—}— 3} +1
1. 7 MWop2 Cov hta@/(xm%mse’”“%b
= lim 7/ \)
roteog 3L 4 L J5 L
z o LV‘" —3(?—( — Luﬂ'\ T
__ 0 ~ Hah o x2Pe
24040 ,(,ﬂml $L;M%&-blﬁi§L
Ny N 34-‘;6«: +7) b= m
1 ind 1 -1 '
Examp e 2.4.4. Fln x_1>1'_"1_100 m. O— 3}
. > 0
Solution. to+
(— x* ] 3 —1
- hm - S ——
n 2 4 IR > :1:%+002$2—|-3(L'+1 V. K _ 18
vy el A z— L ot s
= lim T = = s
I T2 + z + a2 24 O'(—O
%frfz <9 r/ =4+ o0
[ |

Proposition 6. Suppose

p(l‘) ¥ an$n + Wa&an 7é 0
/
ﬂ@:%ﬂ+%jﬂi$f¥mw#o

Then f na7<é[g
I()L:L ifn= mpﬂwM XN
p(x) 0 if n <m,

lim [—=< = ]
z=+o¢ q(z) +o0o if apby, >0, n > m,

oo if apby, <0, n >m.

Remark. One way to see this: The leading term in a polynomial dominates the lower order
terms as © — +oo. (Higher powers of = “grows faster” than lower powers of = as =z —

oo. Log functions grows slower than any polynomial-function because (as we’ll see later)

1
lim = 0 for any a > 0.
rz—o0 2

3 _ 2 2 1
Example 2.4.5. Find lim 3:63—x+
r—00 —x° + 7

Solution. By the proposition, the answer is % =-3. [ |
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Similar technique can be used for functions with radical (i.e., something like /z).

3r—1
Example 2.4.6. Find lim ———.
P z—+00 /322 + 1

Solution. The term with highest degree of the denominator is #2. But we need to take

square root. So we divide the nominator and the denominator by v 22 = z. We have

, 3z —1 o Bz -1)
lim ———|= lim L
w0032 + 1) @—too Ly/3a2 41

= /3.

= lim

3—1 3
Tr—-+00 /3+m% \/g

[ |
Example 2.4.7. (Rationalization)
Evaluate
lim (Vz+1-—+x).
T—+00
Solution. (Recall the Caveat from last section!)
v/ — / 1 ]
lm (VaTl—yz) = lim VPRI VO(Wetltva)
T—+00 T—+00 ,/x+1+\/‘7;
1
= lim f-——
a—tod \/r + 1+ /x
=0.
[ |
Exercise 2.4.1.
22+ 1 1
1. lim —— = ——.
i —2x3 +x 2
1 1
2. lim T —1 (Caution: 2 < 0= — = — —2).
wooo /a2 41 x V z
1
: 2 _ 2 _ 9y _ =
3. mll)r}rloo(\/x to—Va 2) 5
. B —
Example 2.4.8. xEI—II-loo sinz =7 DNE



